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Frequently Used Notation

the inverse image or preimage of A under f
a divides b
the greatest common divisor of a, b
also the ideal generated by a, b
the order of the set A, the order of the element x
the integers, the positive integers
the rational numbers, the positive rational numbers
the real numbers, the positive real numbers
the complex numbers, the nonzero complex numbers
the integers modulo n
the (multiplicative group of) invertible integers modulo n
the direct or Cartesian product of A and B
H is a subgroup of G
the cyclic group of order n
the dihedral group of order 2n
the symmetric group on n letters, and on the set €2
the alternating group on n letters
the quaternion group of order 8
the Klein 4-group
the finite field of N elements
the general linear groups
the special linear group
A is isomorphic to B
the centralizer, and normalizer in G of A
the center of the group G
the stabilizer in the group G of s
the group generated by the set A, and by the element x
generators and relations (a presentation) for G
the kernel, and the image of the homomorphism ¢
N is a normal subgroup of G

the left coset, and right coset of H with coset representative g

the index of the subgroup H in the group G

the automorphism group of the group G

the set of Sylow p-subgroups of G

the number of Sylow p-subgroups of G

the commutator of x, y

the semidirect product of H and K

the real Hamilton Quaternions

the multiplicative group of units of the ring R
polynomials in x, and in x1, . . ., x,, with coefficients in R

the group ring of the group G over the ring R, and over the field F

the ring of integers in the number field K

the direct, and the inverse limit of the family of groups A;
the p-adic integers, and the p-adic rationals

the direct sum of A and B
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F(a), F(a, B), etc.

mg F(x)
Aut(KX)
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the leading term of the polynomial f, the ideal of leading terms
the n x n, and the n x m matrices over R
the matrix of the linear transformation ¢
with respect to bases 3 (domain) and £ (range)
the trace of the matrix A
the R-module homomorphisms from A to B
the endomorphism ring of the module M
the torsion submodule of M
the annihilator of the module M
the tensor product of modules M and N over R
the k™ tensor power, and the tensor algebra of M
the k'™ symmetric power, and the symmetric algebra of M
the k'™ exterior power, and the exterior algebra of M
the minimal, and characteristic polynomial of T’
the characteristic of the field F
the field K is an extension of the field F
the degree of the field extension K/F
the field generated over F by « or «, 8, etc.
the minimal polynomal of « over the field F
the group of automorphisms of a field K
the group of automorphisms of a field K fixing the field F
the Galois group of the extension K/ F
affine n-space
the coordinate ring of A", and of the affine algebraic set V
the locus or zero set of 1, the locus of an element f
the ideal of functions that vanish on A
the radical of the ideal /
the associated primes for the module M
the support of the module M
the ring of fractions (localization) of R with respect to D
the localization of R at the prime ideal P, and at the element f
the local ring, and the tangent space of the variety V at the point v
the unique maximal ideal of O, v
the prime spectrum, and the maximal spectrum of R
the structure sheaf of X = Spec R
the ring of sections on an open set U in Spec R
the stalk of the structure sheaf at P
the Jacobson radical of the ring R
the n'™ cohomology group derived from Hompg
the n'M cohomology group derived from the tensor product over R
the fixed points of G acting on the G-module A
the n™™ cohomology group of G with coefficients in A
the restriction, and corestriction maps on cohomology
the stability group of the series | <A I G
the norm of the character 6
the character of the representation y induced from H to G
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Preface to the Third Edition

The principal change from the second edition is the addition of Grobner bases to this
edition. The basic theory is introduced in a new Section 9.6. Applications to solving
systems of polynomial equations (elimination theory) appear at the end of this section,
rounding it out as a self-contained foundation in the topic. Additional applications and
examples are then woven into the treatment of affine algebraic sets and k-algebra homo-
morphisms in Chapter 15. Although the theory in the latter chapter remains independent
of Grobner bases, the new applications, examples and computational techniques sig-
nificantly enhance the development, and we recommend that Section 9.6 be read either
as a segue to or in parallel with Chapter 15. A wealth of exercises involving Grobner
bases, both computational and theoretical in nature, have been added in Section 9.6
and Chapter 15. Preliminary exercises on Grobner bases can (and should, as an aid to
understanding the algorithms) be done by hand, but more extensive computations, and
in particular most of the use of Grobner bases in the exercises in Chapter 15, will likely
require computer assisted computation.

Other changes include a streamlining of the classification of simple groups of order
168 (Section 6.2), with the addition of a uniqueness proof via the projective plane of
order 2. Some other proofs or portions of the text have been revised slightly. A number
of new exercises have been added throughout the book, primarily at the ends of sections
in order to preserve as much as possible the numbering schemes of earlier editions.
In particular, exercises have been added on free modules over noncommutative rings
(10.3), on Krull dimension (15.3), and on flat modules (10.5 and 17.1).

As with previous editions, the text contains substantially more than can normally
be covered in a one year course. A basic introductory (one year) course should probably
include Part I up through Section 5.3, Part II through Section 9.5, Sections 10.1, 10.2,
10.3, 11.1, 11.2 and Part I'V. Chapter 12 should also be covered, either before or after
Part IV. Additional topics from Chapters 5, 6, 9, 10 and 11 may be interspersed in such
a course, or covered at the end as time permits.

Sections 10.4 and 10.5 are at a slightly higher level of difficulty than the initial
sections of Chapter 10, and can be deferred on a first reading for those following the text
sequentially. The latter section on properties of exact sequences, although quite long,
maintains coherence through a parallel treatment of three basic functors in respective
subsections.

Beyond the core material, the third edition provides significant flexibility for stu-
dents and instructors wishing to pursue a number of important areas of modern algebra,

xi



either in the form of independent study or courses. For example, well integrated one-
semester courses for students with some prior algebra background might include the
following: Section 9.6 and Chapters 15 and 16; or Chapters 10 and 17; or Chapters S,
6 and Part VI. Each of these would also provide a solid background for a follow-up
course delving more deeply into one of many possible areas: algebraic number theory,
algebraic topology, algebraic geometry, representation theory, Lie groups, etc.

The choice of new material and the style for developing and integrating it into the
text are in consonance with a basic theme in the book: the power and beauty that accrues
from arich interplay between different areas of mathematics. The emphasis throughout
has been to motivate the introduction and development of important algebraic concepts
using as many examples as possible. We have not attempted to be encyclopedic, but
have tried to touch on many of the central themes in elementary algebra in a manner
suggesting the very natural development of these ideas.

A number of important ideas and results appear in the exercises. This is not because
they are not significant, rather because they did not fit easily into the flow of the text
but were too important to leave out entirely. Sequences of exercises on one topic
are prefaced with some remarks and are structured so that they may be read without
actually doing the exercises. In some instances, new material is introduced first in
the exercises—often a few sections before it appears in the text—so that students may
obtain an easier introduction to it by doing these exercises (e.g., Lagrange’s Theorem
appears in the exercises in Section 1.7 and in the text in Section 3.2). All the exercises
are within the scope of the text and hints are given [in brackets] where we felt they were
needed. Exercises we felt might be less straightforward are usually phrased so as to
provide the answer to the exercise; as well many exercises have been broken down into
a sequence of more routine exercises in order to make them more accessible.

We have also purposely minimized the functorial language in the text in order to
keep the presentation as elementary as possible. We have refrained from providing
specific references for additional reading when there are many fine choices readily
available. Also, while we have endeavored to include as many fundamental topics as
possible, we apologize if for reasons of space or personal taste we have neglected any
of the reader’s particular favorites.

We are deeply grateful to and would like here to thank the many students and
colleagues around the world who, over more than 15 years, have offered valuable
comments, insights and encouragement—their continuing support and interest have
motivated our writing of this third edition.

David Dummit
Richard Foote
June, 2003
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Preliminaries

Some results and notation that are used throughout the text are collected in this chapter
for convenience. Students may wish to review this chapter quickly at first and then read
each section more carefully again as the concepts appear in the course of the text.

0.1 BASICS

The basics of set theory: sets, ' Q $¥% &cZ should be familiar to the reader.
notation for subsets of a given set  ®ill be

B={ 2> i..ic&uﬁtionsona) ... h

The * oz of albtZ &ill be denoted by \ N Ai&% finite set the order
of i simply the number of elements of © 7
It is important to understand how to test whether a particular x > Zie¢in a subset
Bof &f.Exercises1-4). The U 8 R U0 Afiwébsets #nd B is the collection
B=2(, X Z Z2 B, ofordered pairs of elements from Znd B.
We shall use the following notation for some common sets of numbers:
1) Z = {0, +1,42, 43, ...} denotes the / & Z is for the German word for
numbers: “Zahlen”).

(2) Q=" 2727 31 denotesthe A DRZ % R FZ

(3) R = { all decimal expansions + E . AM,.a1a2a3. ..} denotes the Y4 Rz
(or 6pz .
@C={ + 77 NZR, TZ Ziydehotes the £7 R 2

0 0Z')Q" and Rt will denote the positive (nonzero) elements in Z, Q and R, respec-
tively.

We shall use the notation f : J — B or Z, B to denote a function f from 7

to B and the value of f at i€ denoted (Ze., we shall apply all our functions on
the left). We use the words — and Z ifiterchangeably. The set % called the
Tof  and B is called the bf 7 Thenotation f : B> of & iEf
is understood indicates that f( ) = i.£., the function is being specified on Rq y4

If the function f is not specified on elements it is important in general to check
that f is Zf 1.p.,4s unambiguously determined. For example, if the set Z
is the union of two subsets  uril ,tHen one can try to specify a function from Z

1



